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Radiative corrections to electroweak parameters in the Higgs triplet model and
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We study radiative corrections to the electroweak parameters in the Higgs model with the Y = 1
triplet field, which is introduced in the scenario of generating neutrino masses based on the so-
called type II seesaw mechanism. In this model, the rho parameter deviates from unity at the tree
level. Consequently, the electroweak sector of the model is described by the four input parameters
such as αem, GF , mZ and sin
2 θW . We calculate the one loop contribution to the W boson mass
as well as to the rho parameter in order to clarify the possible mass spectrum of the extra Higgs
bosons under the constraint from the electroweak precision data. We find that the hierarchical
mass spectrum among H±±, H± and A (or H) is favored by the precision data especially for the
case of mA (≃ mH) > mH+ > mH++, where H±±, H±, A and H are the doubly-charged, singly-
charged, CP-odd and CP-even Higgs bosons mainly originated from the triplet field. We also discuss
phenomenological consequences of such a mass spectrum with relatively large mass splitting. The
decay rate of the Higgs boson decay into two photons is evaluated under the constraint from the
electroweak precision data, regarding the recent Higgs boson searches at the CERN LHC.
PACS numbers: 12.60.Fr, 12.15.Lk, 14.80.Cp
I. INTRODUCTION
The Higgs boson search is underway at the LHC. The mass of the Higgs boson in the Standard Model (SM) has
already been constrained to be between 115 GeV and 127 GeV or to be higher than 600 GeV at the 95% confidence
level by the recent direct search results [1]. By the combination with the electroweak precision measurement at the
LEP [2] and the SLC [3], we may expect that a light Higgs boson exists as long as the Higgs boson interactions are
of SM-like and that it will be discovered in near future.
The SM is expected to be replaced by a new model at higher energies above the TeV scale, which may give
reasonable explanations for tiny neutrino masses [4], the origin of dark matter [5] and the baryon asymmetry of the
Universe [6]. The low energy effective theory of such a more fundamental model often contains a non-minimal Higgs
sector. The structure of a Higgs sector strongly depends on the property of the corresponding new physics model at
the high energy scale, so that experimental reconstruction of the Higgs sector is extremely important to determine
new paradigm for physics beyond the SM.
Once a Higgs boson is found at the LHC, its properties such as the mass, the width and the decay branching ratios
will be thoroughly measured as precisely as possible. The precision measurement for Higgs boson properties can
also be performed at future linear colliders such as the International Linear Collider (ILC) and the Compact Linear
Collider (CLIC). Each extended Higgs model will be tested by preparing the full set of theoretical predictions on the
observables which will be precisely measured at experiments at these colliders.
The electroweak rho parameter has been one of the most important experimental hints to select possible structures
of extended Higgs sectors. Its experimental value (ρ ≃ 1) would indicate that the Higgs sector is composed of one
or more doublet fields (or with singlet fields). Such models naturally predict ρ = 1 at the tree level because of the
custodial symmetry in the kinetic term of their Higgs sectors. Radiative corrections give the deviation from unity
corresponding to the violation of the custodial symmetry in the physics of dynamics in the loop [7–12]. On the other
hand, as another possibility, we may consider with some physics motivations the other class of Higgs models which
contain scalar fields of larger representations under the SU(2)L gauge symmetry, in which ρ 6= 1 is predicted at the
tree level. In these models, the vacuum expectation values (VEVs) of such fields with large isospin representations
are highly constrained to be much smaller than 246 GeV to satisfy ρ ≃ 1.
The Higgs triplet model (HTM) is one of the examples which predict ρ 6= 1 at the tree level. In the HTM, a Higgs
triplet field with the hypercharge Y = 1 is added to the minimal model with a Higgs doublet field with Y = 1/2.
The HTM can explain the tiny neutrino masses in a simple way via the so-called type II seesaw mechanism [13]. An
interesting feature of the HTM is the existence of doubly-charged Higgs bosons in addition to singly-charged as well
as extra neutral bosons, all of which are components of the triplet field.
In this paper, we study radiative corrections to the electroweak observables in the HTM. In the model with ρ 6= 1
at the tree level like the HTM, apart from the models with only doublet fields and singlets which predict ρ = 1 at the
2tree level, a new input parameter has to be introduced in addition to the usual three input parameters such as (αem,
GF and mZ). In Ref. [14], the on-shell renormalization scheme is constructed in the Higgs model with the Y = 0
triplet field, in which four input electroweak parameters (αem, GF , mZ and sin
2 θW ) are chosen to describe all the
other electroweak observables. The radiative corrections to the electroweak observables have been calculated in the
Y = 0 triplet model [14–16] and in the left-right symmetric model [16].
In our analysis, we first define the on-shell renormalization scheme for the electroweak sector of the HTM by using
the method in Ref. [14]. We then calculate radiative corrections to the electroweak observables such as mW and
ρ as a function of the four input parameters (αem, GF , mZ and sin
2 θW )
1. We examine the preferable values of
the mass spectrum of the triplet-like Higgs bosons and the VEV of the triplet field under the constraint from the
electroweak precision data. We find that the hierarchical mass spectrum with large mass splitting is favored especially
for the case of mA (≃ mH) > mH+ > mH++ , where mA, mH , mH+ and mH++ are the masses of the CP-odd (A),
CP-even (H), singly-charged (H±) and doubly-charged (H±±) Higgs bosons, respectively, which mainly come from
the components of the triplet field. On the contrary, the inverted hierarchical case with mH++ > mH+ > mA (≃ mH)
is relatively disfavored, in particular for the light SM-like Higgs boson. We then discuss implication with the Higgs
boson phenomenology at the LHC in the HTM [18–27]. The deviation due to the quantum effect of doubly- and
singly-charged Higgs bosons is evaluated on the decay rate of h → γγ [28], where h is the SM-like Higgs boson. We
here examine the decay rate in the parameter regions which are indicated by the electroweak precision data for the
mass of the SM-like Higgs boson to be 125 GeV taking into account the recent Higgs boson search at the LHC [1].
The deviation from the SM prediction can be significant although it is destructive. We also give some comments on
the direct searches for the triplet-like Higgs bosons in the case with [17, 24–27] and without [18–23] the mass splitting
among these Higgs bosons.
In Sec. II, we give a brief review for the tree level formulae in the HTM towards the one-loop calculation. In Sec. III,
the on-shell renormalization scheme is introduced for the electroweak precision observables, and the predictions for
mW and ρ at the one-loop level are calculated. In Sec. IV, we evaluate the deviation from the SM prediction of
the decay rate of h → γγ, and we discuss the collider phenomenology of the triplet-like Higgs bosons at the LHC.
Discussions and conclusions are given in Sec. V.
II. THE HIGGS TRIPLET MODEL
The scalar sector of the HTM is composed of the isospin doublet field Φ with hypercharge Y = 1/2 and the triplet
field ∆ with Y = 1. The kinetic terms and relevant terms in the Lagrangian are given by
LHTM = (DµΦ)†(DµΦ) + Tr[(Dµ∆)†(Dµ∆)] + LY − V (Φ,∆), (1)
where LY and V (Φ,∆) are the Yukawa interaction for neutrinos and the Higgs potential. From the kinetic term, the
masses of the W boson and the Z boson are obtained at the tree level as
m2W =
g2
4
(v2Φ + 2v
2
∆), m
2
Z =
g2
4 cos2 θW
(v2Φ + 4v
2
∆), (2)
where vΦ and v∆ are the VEVs of the doublet Higgs field and the triplet Higgs field, respectively which satisfy
v2 ≡ v2Φ + 2v2∆ ≃ (246 GeV)2. The electroweak rho parameter can deviate from unity at the tree level;
ρ ≡ m
2
W
m2Z cos
2 θW
=
1 +
2v2∆
v2
Φ
1 +
4v2
∆
v2
Φ
. (3)
As the experimental value of the rho parameter is near unity, v2∆/v
2
Φ is required to be much smaller than unity.
The Yukawa interaction for neutrinos is given by
LY = hijLicL iτ2∆LjL + h.c., (4)
1 In Ref. [17], the constraint from the electroweak precision data has been discussed in the Y = 1 HTM. However, the renormalization
scheme they used seems to be only valid in models with ρ = 1 at the tree level.
3where LiL is the i-th generation left-handed lepton doublet, hij is the 3×3 complex symmetric Yukawa matrix. Notice
that the triplet field ∆ carries the lepton number of 2. The Majorana masses of neutrinos are generated by the Yukawa
interaction with the VEV of the triplet field as
(mν)ij =
√
2hijv∆. (5)
The most general form of the Higgs potential under the gauge symmetry is given by
V (Φ,∆) = m2Φ†Φ+M2Tr(∆†∆) +
[
µΦT iτ2∆
†Φ+ h.c.
]
+ λ1(Φ
†Φ)2 + λ2
[
Tr(∆†∆)
]2
+ λ3Tr[(∆
†∆)2] + λ4(Φ†Φ)Tr(∆†∆) + λ5Φ†∆∆†Φ, (6)
where m and M are the dimension full real parameters, µ is the dimension full complex parameter which violates the
lepton number, and λ1-λ5 are the coupling constants which are real. We here take µ to be real. The scalar fields Φ
and ∆ can be parameterized as
Φ =
[
ϕ+
1√
2
(ϕ+ vΦ + iχ)
]
, ∆ =
(
∆+√
2
∆++
∆0 −∆+√
2
)
with ∆0 =
1√
2
(δ + v∆ + iξ), (7)
From the stationary condition at the vacuum (vΦ, v∆), we obtain
m2 =
1
2
[
−2v2Φλ1 − v2∆(λ4 + λ5) + 2
√
2µv∆
]
, (8)
M2 =M2∆ −
1
2
[
2v2∆(λ2 + λ3) + v
2
Φ(λ4 + λ5)
]
, with M2∆ ≡
v2Φµ√
2v∆
. (9)
The mass matrices for the scalar bosons can be diagonalized by rotating the scalar fields as(
ϕ±
∆±
)
=
(
cβ± −sβ±
sβ± cβ±
)(
w±
H±
)
,
(
χ
ξ
)
=
(
cβ0 −sβ0
sβ0 cβ0
)(
z
A
)
,
(
ϕ
δ
)
=
(
cα −sα
sα cα
)(
h
H
)
, (10)
with the mixing angles
tanβ± =
√
2v∆
vΦ
, tanβ0 =
2v∆
vΦ
, tan 2α =
v∆
vΦ
2v2Φ(λ4 + λ5)− 4M2∆
2v2Φλ1 −M2∆ − v2∆(λ2 + λ3)
, (11)
where we used abbreviation such as sθ = sin θ and cθ = cos θ. In addition to the three Nambu-Goldstone bosons
w± and z which are absorbed by the longitudinal components of the W boson and the Z boson, there are seven
physical mass eigenstates H±±, H±, A, H and h. For the case of v2∆/v
2
Φ ≪ 1 which is required by the electroweak
precision data, the state h behaves mostly as the SM Higgs boson, while the other states are almost originated from
the components of the triplet field. In this case, there are interesting relations among the masses;
m2H++ −m2H+ ≃ m2H+ −m2A
(
≃ −λ5
4
v2Φ ≡ ξ
)
, (12)
m2H ≃ m2A
(≃M2∆) . (13)
These characteristic mass relations would be used as a probe of the Higgs potential in the HTM [25]. If the masses
of the triplet-like Higgs bosons are hierarchical, there are two patterns of the mass hierarchy among the triplet-like
scalar bosons; i.e., when λ5 is positive (negative), the mass hierarchy is mφ0 > mH+ > mH++ (mH++ > mH+ > mφ0),
where mφ0 = mA or mH . We here define the mass difference between H
±± and H± as
∆m ≡ mH++ −mH+ . (14)
III. ONE-LOOP CORRECTIONS TO ELECTROWEAK PARAMETERS
In this section, we calculate one-loop corrected electroweak observables in the on-shell scheme which was at first
proposed by Blank and Hollik [14] in the model with a triplet Higgs field with Y = 0. In the SM, and in all the
models with ρ = 1 at the tree level, the kinetic term of the Higgs field contains three parameters g, g′ and v. All
the electroweak parameters are determined by giving a set of three input parameters which are well known; i.e., for
4example, αem, GF and mZ [29, 30]. On the other hand, in models with ρ 6= 1 at the tree level like the HTM, an
additional input parameter is necessary to describe electroweak parameters. Therefore, in addition to the three input
parameters αem, GF and mZ , we take the weak angle sin
2 θW as the fourth input parameter in our calculation as in
Ref. [14]. The experimental values of these input parameters are given by [31]
α−1em(mZ) = 128.903(15), GF = 1.16637(1)× 10−5 GeV−2,
mZ = 91.1876(21) GeV, sˆ
2
W (mZ) = 0.23146(12), (15)
where sˆ2W (mZ) is defined as the ratio of the coefficients of the vector part and the axial vector part in the Ze¯e vertex;
1− 4sˆ2W (mZ) =
Re(ve)
Re(ae)
, (16)
where ve and ae are defined in Eq. (26). Tree level formulae for the other electroweak parameters are given in terms
of the four input parameters:
g2 =
4παem
sˆ2W
, (17)
m2W =
παem√
2GF sˆ2W
, (18)
v2 =
1√
2GF
, (19)
v2∆ =
sˆ2W cˆ
2
W
2παem
m2Z −
√
2
4GF
, (20)
where sˆ2W = sˆ
2
W (mZ) and cˆ
2
W = 1 − sˆ2W 2. The deviation from the relation in Eq. (18) due to radiative corrections
can be parameterized as
GF =
παem√
2m2W sˆ
2
W
(1 + ∆r), (22)
where ∆r is obtained as [14]
∆r =
ΠWWT (0)−ΠWWT (m2W )
m2W
+
d
dp2
ΠγγT (p
2)
∣∣∣
p2=0
+
2sˆW
cˆW
ΠγZT (0)
m2Z
− cˆW
sˆW
ΠγZT (m
2
Z)
m2Z
+ δV B + δ
′
V . (23)
where δV B and δ
′
V are the vertex and the box diagram corrections to GF and the radiative corrections to the Ze¯e
vertex, respectively. These are calculated as [14, 32]
δV B =
αem
4πsˆ2W

6 + 10− 10sˆ2W − 3m2W /(cˆ2Wm2Z)(1 − 2sˆ2W )
2
(
1− m2W
m2
Z
) ln m2W
m2Z

 , δ′V = ve2sˆ2W
[
ΓZe¯eV (m
2
Z)
ve
− Γ
Ze¯e
A (m
2
Z)
ae
]
, (24)
where ΓZe¯eV,A are defined through the renormalized Ze¯e vertex as [14]
ΓˆZe¯eµ (m
2
Z) = i
g
2cˆW
[
(ve + aeγ5)γµ + γµΓ
Ze¯e
V (m
2
Z) + γµγ5Γ
Ze¯e
A (m
2
Z)
]
, (25)
ve = −1
2
+ 2sˆ2W , ae = −
1
2
. (26)
2 In the limit of v∆ → 0, we obtain the following relation
sˆ2W cˆ
2
W
piαem
m2Z =
1√
2GF
. (21)
By using this relation, mW can be expressed by m
2
W = m
2
Z cˆ
2
W . This relation can be found in models with ρ = 1 at the tree level such
as the SM.
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FIG. 1: The one-loop corrected values of mW as a function of the absolute value of ∆m for each fixed value of v∆ in Case I
(mφ0 > mH+ > mH++). We take mh = 125 GeV, mt = 173 GeV and tanα = 0 in the both figures. The pink (gray) shaded
region represents the 1σ (2σ) error for the experimental data of mexpW (=80.399 ± 0.23 GeV [31]). In the left (right) figure, we
take mH++ = 150 GeV (300 GeV). The dashed line shows the SM prediction of mW at the one-loop level with the SM Higgs
boson mass to be 125 GeV.
In Eq. (23), ΠXYT (p
2) (X,Y = W,Z, γ) are the 1PI diagrams for the gauge boson self-energies. We show the list of
all the analytic expressions for the gauge boson self-energies in the HTM with the Y = 1 triplet field in Appendix.
From Eqs. (5) and (22), the renormalized W boson mass as well as the renormalized rho parameter are given by3
m2W =
παem√
2GF sˆ2W
(1 + ∆r), ρ =
παem√
2GFm2Z sˆ
2
W cˆ
2
W
(1 + ∆r). (28)
Therefore, with four input parameters (αem, GF , mZ and sˆ
2
W ), ∆r determines both the one-loop corrected mass of
the W boson and the rho parameter in the HTM.
In the following, we show numerical results for the radiative corrections to m2W as well as ρ in the HTM. The
radiative correction depends on the mass spectrum and the mixing angle in the Higgs potential; i.e., mH++ , mH+ ,
mA, mH , mh and tanα. Although these six parameters are all free parameters, under the requirement of v
2
∆ ≪ v2
the approximated formulae given in Eqs. (12) and (13) tell us to pick up the following three parameters such as the
mass of the SM-like Higgs boson mh, the mass of the lightest triplet-like scalar boson mA (or mH++) and the mass
difference ∆m between H±± and H±. In the following analysis, we consider the scenarios with mass splitting for the
triplet-like Higgs bosons; namely, for Case I (mφ0 > mH+ > mH++) and Case II (mH++ > mH+ > mφ0). We take
pole masses of the top quark mt = 173 GeV and the bottom quark mb = 4.7 GeV and αs(mZ) = 0.118 [31]. We take
into account the leading order QCD correction in the calculation of the one-loop corrected mW as well as ρ.
In Fig. 1, the renormalized value of mW is shown as a function of |∆m| for several values of v∆ in Case I with the
data mexpW = 80.399 ± 0.023 GeV [31]. The mass of the SM-like Higgs boson h is taken as mh = 125 GeV, and the
mixing angle tanα is set on zero. The mass of the lightest triplet-like Higgs boson mH++ is taken to be 150 GeV (left
figure) and 300 GeV (right figure). It is seen that the predicted value of mW for the degenerate mass case (|∆m| = 0)
3 By keeping only the dependence of the top quark mass, ∆r can be written
∆r → g
2
16pi2
[
m4t
2m4W
+
m2t
4m2W
− 5
3
+
1
2
(
m6t
m6W
− 3 m
2
t
m2W
)
ln
(
1− m
2
W
m2t
)
+ lnm2t + ln
(
1− m
2
W
m2t
)]
− g
2s2W
16pi2
4Q2t lnm
2
t −
g2
16pi2
(−4s2WQ2t +Qt)
(
lnm2t +
1
3
)
=
g2
16pi2
(
−1
3
+ lnm2t
)
− g
2
16pi2
Qt
(
lnm2t +
1
3
)
+O(m2W /m2t ), (27)
Thus, ∆r is depending on the top quark mass logarithmic.
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FIG. 2: The one-loop corrected values of mW as a function of ∆m for each fixed value of v∆ in Case II (mH++ > mH+ > mφ0).
We take mh = 125 GeV, mt = 173 GeV and tanα = 0 in the both figures. The pink (gray) shaded region represents the 1σ
(2σ) error for the experimental data of mexpW (=80.399 ± 0.23 GeV [31]). In the left (right) figure, we take mA = 150 GeV (300
GeV). The dashed line shows the SM prediction of mW at the one-loop level with the SM Higgs boson mass to be 125 GeV.
is outside the region within the 2σ error. The prediction satisfies the data when |∆m| has a non-zero value. When
mH++ = 150 GeV, the favored value of |∆m| by the data within the 2σ error is 80 GeV. |∆m| . 280 GeV (190
GeV. |∆m| . 430 GeV) for v∆ = 1 GeV (5 GeV). The preferred value of |∆m| for smaller values of v∆ than 1 GeV
is similar to that for v∆ = 1 GeV. When mH++ = 300 GeV, the allowed values of |∆m| are larger than the case of
mH++ = 150 GeV for the same value of v∆. Smaller mass splitting which satisfies the data corresponds to the smaller
value of v∆ while largest value of |∆m| (∼ 500-600 GeV), which comes from perturbative unitarity, corresponds to
v∆ ∼ O(10) GeV. We note that the result is almost unchanged even if we vary tanα in the region of 0 < tanα < 1
as long as H±± is not too heavy.
In Fig. 2, the renormalized value of mW is shown as a function of ∆m for several values of v∆ in Case II with
the data mexpW = 80.399± 0.023 GeV [31]. The mass of the SM-like Higgs boson h is taken as mh = 125 GeV, and
tanα is set on zero. The mass of the lightest triplet-like Higgs boson mA is taken to be 150 GeV (left figure) and
300 GeV (right figure). It is found that Case II is strongly constrained by the electroweak precision data for entire
range of ∆m. The situation is worse for larger values of ∆m and also for larger values of v∆. Therefore, Case I can
be more consistent with the electroweak precision data than the degenerate mass case and also Case II. We note that
the result is almost unchanged even if we vary tanα in the region of 0 < tanα < 1 as long as A is not too heavy.
In Fig. 3, we show the renormalized values for mW for each value of ∆m as a function of the input parameter sˆ
2
W
in Case I. The values of (mH++ ,mh) are taken to be (150 GeV,125 GeV), (300 GeV,125 GeV), (150 GeV,700 GeV)
and (300 GeV,700 GeV) in the figures located at the upper left, the upper right, the lower left and the lower right
panels, respectively. In all figures, the mixing angle tanα is set to be zero. Regions indicated by the data of mW
and sˆ2W within the 1σ error and the 2σ error are also shown in each figure for the fixed value of mt (=173 GeV).
When mh = 125 GeV (upper figures), the predicted values of mW for ∆m = 0 are far from the allowed region by the
data. For mH++ = 150 GeV and mh = 125 GeV (upper left), the prediction is consistent with the data within the
2σ error when about 160 GeV. |∆m| . 600 GeV is taken. On the other hand, for mH++ = 300 GeV and mh = 125
GeV (upper right), smaller values are predicted for mW as compared to the case with mH++ = 150 GeV for non-zero
value of |∆m|. They approach to the predicted values of mW with |∆m| = 0 in the large mass limit for H±±. It
is consistent with the data when we take ∆m & 400 GeV in this case. When mh = 700 GeV (lower figures), the
predicted values of mW for ∆m = 0 are far from the allowed region by the data but closer than the case of mh = 125
GeV. For mH++ = 150 GeV and mh = 700 GeV (lower left), the prediction is consistent with the data within the
2σ error when about 100 GeV. |∆m| . 400 GeV is taken. On the other hand, for mH++ = 300 GeV and mh = 700
GeV (lower right), it is consistent with the data when we take ∆m & 200 GeV in this case. The edge of each curve at
sˆ2W ≃ 0.2311 corresponds to v∆ = 0. We note that the result is almost unchanged even if we vary tanα in the region
of 0 < tanα < 1 as long as H±± is not too heavy.
In Fig. 4, we show the renormalized values for mW for each value of ∆m as a function of the input parameter sˆ
2
W
in Case II. The values of (mA,mh) are taken to be (150 GeV,125 GeV), (300 GeV,125 GeV), (150 GeV,700 GeV)
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FIG. 3: The one-loop corrected values of mW as a function of sˆ
2
W in Case I (mφ0 > mH+ > mH++). We take mt = 173 GeV
and tanα = 0 in all the figures. The pink (gray) shaded region represents the 1σ (2σ) error for the experimental data of mexpW
(=80.399 ± 0.23 GeV [31]) and sˆ2 expW (=0.23146 ± 0.00012 GeV [31]). In the left (right) two figures, we take mh = 125 GeV
(700 GeV). The mass of the lightest triplet-like Higgs boson is taken to be 150 GeV and 300 GeV.
and (300 GeV,700 GeV) for the figures located at the upper left, the upper right, the lower left and the lower right,
respectively. In all figures, the mixing angle α is set to be zero. Regions indicated by the data within the 1σ error and
the 2σ error are also shown in each figure for the fixed value of mt (=173 GeV). For mA = 150 GeV and mh = 125
GeV (upper left), the predicted values for mW with non-zero ∆m (> 0) are smaller than that with ∆m = 0. The
situation is unchanged for the other choices of (mA,mh)=(300 GeV,125 GeV), (150 GeV,700 GeV) and (300 GeV,700
GeV). Therefore, the hierarchical scenario with non-zero ∆m is highly constrained by the combined data of mW and
sˆ2W . The edge of each curve at sˆ
2
W ≃ 0.2311 corresponds to v∆ = 0. We note that the result is almost unchanged
even if we vary tanα in the region of 0 < tanα < 1 as long as A is not too heavy.
We here give a comment on a Higgs sector with a real triplet field (Y = 0), which is deduced from little Higgs
models [33]. In this Higgs sector, a CP-even scalar boson and pair of singly-charged scalar bosons appear in addition
to the SM-like Higgs boson. The radiative corrections to the W boson mass have been studied in Refs. [14–16].
Similar effects of the loop corrections to the W boson mass as in Fig. (3) and Fig. (4) can be seen in this Higgs sector,
namely when the mass of the SM-like Higgs boson is getting larger then the W boson mass is also getting larger. In
addition, when the singly-charged scalar boson is lighter (heavier) than the additional CP-even scalar boson, which
is a scenario such like Case I (Case II) in the HTM, the loop effects of these scalar bosons increase (decrease) the W
boson mass [14, 16].
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FIG. 4: The one-loop corrected values of mW as a function of sˆ
2
W in Case II (mH++ > mH+ > mφ0). We take mt = 173 GeV
and tanα = 0 in all the figures. The pink (gray) shaded region represents the 1σ (2σ) error for the experimental data of mexpW
(=80.399 ± 0.23 GeV [31]) and sˆ2 expW (=0.23146 ± 0.00012 GeV [31]). In the left (right) two figures, we take mh = 125 GeV
(700 GeV). The mass of the lightest triplet-like Higgs boson is taken to be 150 GeV and 300 GeV.
In Fig. 5, the deviation in the one-loop corrected rho parameter in the HTM from that of the SM one-loop prediction
(∆ρ ≡ ρ− ρSM(mrefh )) is shown as a function of v∆, where v∆ is defined in Eq. (15). In order to describe the allowed
region of ∆ρ, we employ the data for the electroweak T parameter [34] of T = 0.07 ± 0.08 [31], in which T = 0 is
chosen for the reference value of the SM Higgs boson mass mrefh to be 117 GeV and mt = 173 GeV. We then obtain
∆ρexp = 0.000632± 0.000621, where mrefh = 125 GeV is chosen by taking into account the recent direct search results
at the LHC [1]. In the left figure, the results in Case I are shown, while in the right figure those in Case II are shown
for several values of ∆m. The mass of the SM-like Higgs boson is taken to be mh = 125 GeV, and the mixing angle
tanα is set to be zero. In Case I (left figure), the predicted values of ∆ρ for ∆m = 0 are outside the region within
the 2σ error under the data ∆ρexp and sˆ2W given in Eq. (15) with mt = 173 GeV. But the effect of non-zero |∆m|
makes ∆ρ larger. The allowed value for v∆ within the 2σ error is about 3.5 GeV . v∆ . 8 GeV for about 100 GeV
. |∆m| . 440 GeV. Notice that, as shown in Fig. 3, the favored value of |∆m| from the data of mW and sˆ2W is about
200 GeV . |∆m| . 600 GeV in Case I. Therefore, we may conclude that the combined data indicate the favored
value of v∆ to be 3.5-8 GeV in Case I with mH++ = 150 GeV. Next, the result in Case II is shown in the right figure,
where the effect of ∆m (> 0) gives the negative contribution to ∆ρ. However, it can be seen that Case II is already
highly constrained by the data of mW and sˆ
2
W with mA = 150 GeV.
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FIG. 5: The deviation of the one-loop corrected values of the rho parameter from those of the SM one-loop prediction as a
function of v∆. We take mh = 125 GeV, mt = 173 GeV and tanα = 0 in the both figures. The pink (gray) shaded region
represents the 1σ (2σ) error for the experimental data of ∆ρexp (=0.000632±0.000621) which is derived from the data of the
T parameter (=0.07±0.08 [31]). In the left figure, the mass hierarchy of the triplet-like Higgs bosons is taken to be Case I
(mφ0 > mH+ > mH++), and mφ0 is fixed to be 150 GeV. In the right figure, the mass hierarchy of the triplet-like Higgs bosons
is taken to be Case II (mH++ > mH+ > mφ0), and mH++ is fixed to be 150 GeV.
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FIG. 6: The deviation of the one-loop corrected values of the rho parameter from those of the SM one-loop prediction as a
function of the mass of the lightest triplet-like Higgs boson mlightest for each fixed value of ξ (≡ m2H++ − m2H+). We take
mt = 173 GeV, mh = 125 GeV, v∆ = 5.78 GeV and tanα = 2v∆/v. The pink (gray) shaded region represents the 1σ (2σ) error
for the experimental data of ∆ρexp (=0.000632±0.000621) which is derived from the data of the T parameter (=0.07±0.08 [31]).
We here give a comment on the decoupling property of the heavy triplet-like Higgs bosons in the electroweak
observables. In Fig. 6, we show ∆ρ as a function of the lightest of all the triplet-like Higgs bosons for each value
ξ (≡ m2
H++
− m2
H+
). We again take mh = 125 GeV and mt = 173 GeV. The VEV v∆ is fixed to be the central
value indicated by the data (v∆ = 5.78 GeV). In this figure, tanα is chosen to be 2v∆/v, which is the asymptotic
value in the limit of mlightest → ∞. It can be seen that the one-loop contribution of these particles decouples in the
large mass limit. The asymptotic value in this limit is determined in the renormalization scheme with the four input
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FIG. 7: The ratio of the decay rate for h → γγ in the HTM to that in the SM as a function of mH++ for each fixed value of
∆m (< 0) in Case I (mφ0 > mH+ > mH++). In the both figures, we take mt = 173 GeV, mh = 125 GeV and tanα = 0. In
the left (right) figure, we take v∆ = 1 GeV (5 GeV).
parameters αem, GF , mZ and sˆ
2
W without the tree level relation of m
2
W = cˆ
2
Wm
2
Z . Therefore, it is not surprising
that the asymptotic value in the HTM does not coincide with the SM value (∆ρ = 0 in this figure) with the three
input parameters with m2W = cˆ
2
Wm
2
Z . In the SM and all the models with ρ = 1 at the tree level, δρ (≡ ρ − 1)
measures the violation of the custodial SU(2) symmetry [35, 36]. Such effects appear as the quadratic power-like
contributions of the mass difference between particles in the SU(2) multiplet; i.e., δρ ≃ (mu −md)2/v2 for mu ≃ md
via the chiral fermion loop diagram [7], and δρ ≃ (mH+ −mA)2/v2 for mH+ ≃ mA via the additional scalar boson
loop diagram [8–12] in the general two Higgs doublet model. On the other hand, in the models with ρ 6= 1 at the
tree level like the HTM, such quadratic power-like mass contributions are absorbed by renormalization of the new
independent input parameter δsˆ2W . Consequently, only a logarithmic dependence on the masses of the particles in the
loop diagram remain. In other words, in these models the rho parameter is no more the parameter which measures
the violation of the SU(2) custodial symmetry in the sector of particles in the loop. This has already been known in
the calculation of the model with the Y = 0 triplet field [14, 16]4.
IV. IMPLICATION TO THE HIGGS SEARCHES AT THE LHC
In this section, we discuss several phenomenological consequences of constraints from the electroweak precision
data in the HTM which is discussed in the previous sections. Recent results for the Higgs boson searches at the LHC
indicate that the Higgs boson mass is between 115 GeV and 127 GeV at the 95% confidence level assuming that the
Higgs boson is of SM-like [1]. The Higgs boson φ is tested mainly via the decay processes such as φ→ γγ, φ→ ZZ∗,
φ→ WW ∗ and φ→ τ+τ−. First of all, we discuss the radiative effect of triplet-like Higgs bosons on the decay rate
of h→ γγ in the HTM under the constraint from the electroweak precision data. The hγγ vertex is generated at the
one-loop level, so that the significant one-loop contributions of additional charged particles can appear. In the HTM,
there are doubly- and singly-charged Higgs bosons which would give substantial one-loop contributions to the decay
rate of h→ γγ. Recently, Arhrib et. al have discussed details of this decay process in the HTM under the constraint
from perturbative unitarity and vacuum stability [38]. We here analyze the decay rate taking into account our new
results of the radiative corrections to the electroweak parameters.
4 In Ref. [16], it is claimed that quadratic mass contributions appear. However, their approximate formulae for ∆r seem to be inconsistent.
Quite recently this was also pointed out in Ref. [37].
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FIG. 8: The ratio of the decay rate for h→ γγ in the HTM to that in the SM as a function of mA for each fixed value of ∆m
(> 0) in Case II (mH++ > mH+ > mφ0). In the both figures, we take mt = 173 GeV, mh = 125 GeV and tanα = 0. In the
left (right) figure, we take v∆ = 1 GeV (5 GeV).
The decay rate of φ→ γγ is calculated at the one-loop level by [39]
Γ(φ→ γγ) = GFα
2
emm
3
φ
128
√
2π3
∣∣∣∣∣− 2
∑
f
N cfQ
2
fτf [1 + (1− τf )f(τf )] + 2 + 3τW + 3τW (2− τW )f(τW )
+Q2H++
2vchH++H−−
m2φ
[1− τH++f(τH++)] +Q2H+
2vchH+H−
m2φ
[1− τH+f(τH+)]
∣∣∣∣∣
2
, (29)
where the function f(x) is given by
f(x) =
{
[arcsin(1/
√
x)]2, if x ≥ 1,
− 1
4
[ln 1+
√
1−x
1−√1−x − iπ]2, if x < 1
. (30)
In Eq. (29), Qϕ is the electric charge of the field ϕ, N
c
f is the color factor and τϕ = 4m
2
ϕ/m
2
φ. In the HTM, the
coupling constants chH+H− and chH++H−− are given by
chH+H− =
1
v∆
[
m2H+
(√
2sβ±cβ±cα + 2s
2
β±
sα
)
−m2Asα
(
c2β0 +
s2β0
2
)
+m2h
(
s3β±cα√
2cβ±
+ c2β±sα
)]
, (31)
chH++H−− =
1
v∆
[
2m2H++sα +m
2
hsα − 2m2H+
(
2c2β±sα −
√
2sβ±cβ±cα
)
−m2A
(
sβ0cβ0cα − c2β0sα
)]
. (32)
In Fig. 7, the ratio of the decay rates Rγγ ≡ Γ(h → γγ)HTM/Γ(φSM → γγ)SM is shown as a function of mH++ for
each value of ∆m at mh(= mφSM) = 125 GeV and tanα = 0 in Case I (mφ0 > mH+ > mH++). For the left figure,
v∆ is taken to be 1 GeV, while it is taken to be 5 GeV for the right figure. In the both figures, Rγγ < 1 because the
one-loop contributions of the singly-charged Higgs boson and the doubly-charged Higgs boson to Γ(φ→ γγ) have the
same sign which is destructive to the contribution of the SM loop diagrams. The magnitude of the deviation from
the SM can be significant, which amounts to larger than 40%. For v∆ = 1 GeV the deviation is smaller when larger
∆m is taken. The deviation becomes smaller and insensitive to ∆m in the large mass region for H±±.
One might think that the deviation would approach to zero in the large mass limit for H±±. This can be true in
a generic case. However, such decoupling is not applied to the present case. Since the coupling constants chH+H−
and chH++H−− are both proportional to the mass squired of triplet-like Higgs bosons, the large mass limit with a
fixed value of ∆m with α = 0 can only be realized by taking these coupling constants to be infinity. It is known that
in such a case, Appelquist’s decoupling theorem [40] does not hold, and the one-loop contributions of H± and H±±
remain in the large mass limit as non-decoupling effects. We note that, in this case with α = 0, we have the relation
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FIG. 9: The ratio of the decay rate for h → γγ in the HTM to that in the SM as a function of the absolute value of ∆m in
Case I (mφ0 > mH+ > mH++). We take mt = 173 GeV, mh = 125 GeV, v∆ = 6.7 GeV and tanα = 0 in all the figures. In the
left (right) figure, we take mH++ = 150 GeV (300 GeV). The pink (gray) shaded region represents the 1σ (2σ) allowed region
of ∆m under the constraint from the data for mexpW and sˆ
2 exp
W .
m2A ≃ M2∆ = (λ4 + λ5)v2Φ/2 from Eq. (11), so that all the masses of triplet-like Higgs bosons cannot be taken to be
larger than TeV scales because of the perturbative unitarity constraint. On the contrary, if α = 0 is relaxed, mA is a
free parameter, which satisfies m2A ≃ M2∆ = (µ/v∆)v2Φ/
√
2 from Eq. (9), and it can be taken to be much larger than
the electroweak scale when µ/v∆ ≫ 1 is assumed. Then, the correction due to the triplet field is suppressed by a
factor of v2/m2A. Namely, the decoupling theorem holds in this case.
In Fig. 8, Rγγ is shown as a function of mA for each value of ∆m at mh(= mφSM) = 125 GeV and α = 0 in Case
II (mH++ > mH+ > mφ0). It is seen that as compared to Case I Rγγ is sensitive to the choice of ∆m. Similarly to
Case I, the deviation from the SM value is negative. However, smaller deviation is obtained for larger ∆m for the
both cases with v∆ = 1 GeV and v∆ = 5 GeV in the region of relatively lower values of mA.
In Fig. 9, we show the results of Rγγ as a function of |∆m| in Case I with indicating the allowed regions of each
confidence level under the electroweak precision data. The mass of H±± is taken to be 150 GeV (left) and 300 GeV
(right). In all the figures, we take mh = 125 GeV, tanα = 0 and v∆ = 6.7 GeV. The magnitude of the ratio Rγγ
strongly depends on mH++ . Therefore, we may be able to obtain the indirect information of the mass spectrum of
the triplet-like Higgs bosons by measuring the decay rate of h→ γγ.
Finally, in Fig. 10, Rγγ is shown as a function of ∆m in Case II with indicating the allowed regions of each confidence
level under the electroweak precision data. The mass of A is taken to be 150 GeV (left) and 300 GeV (right). In all
the figures, we take mh = 125 GeV, tanα = 0 and v∆ = 2.8 GeV. As compared to the case shown in Fig. 9, the mass
dependence on mA is small among the three values of mA. As we already discussed, Case II is not preferred by the
electroweak precision data, and only the region with larger deviation than 2σ appears in each figure.
In the following, we present several comments on the prospect for direct searches of the triplet-like Higgs bosons
at the LHC. The most important experimental signature for the Y = 1 HTM would be the detection of the doubly-
charged Higgs bosons. For the degenerate scenario (mH++ ≃ mH+ ≃ mA ≃ mH) and Case I, H±± can decay into
ℓ±ℓ± for a relatively small value of v∆ and W±W± for larger v∆ [41, 42]. If mH++ = 120 GeV (300 GeV) the crossing
point is at v∆ ∼ O(10) MeV (v∆ ∼ O(0.1) MeV). Comprehensive phenomenological study has been done in Refs. [23]
for the degenerate scenario, and in Ref. [24] for the hierarchical scenario in Case I. Assuming that the dilepton decay
is the main mode the mass of H±± is constrained to be mH++ & 300 GeV by the direct search results at the LHC,
while there has been no significant constraint on mH++ when the diboson decay is dominant. Our results on the
radiative correction to the precision parameters would prefer a non-zero value for ∆m with v∆ being several GeV.
When we assume mh = 125 GeV and mH++ = 150 GeV, the values of v∆ and ∆m which are consistent with the data
for mW and sˆ
2
W in the 2σ region are v∆ = 3.5 - 8 GeV and |∆m| = 160 - 440 GeV: see Fig. 3. In such a case, main
decay modes of H±±, H± and A (or H) are H±± →W±W±, H± → H±±W∓ and A (or H) → H±W∓ [24, 26, 27].
In addition to the production processes of qq¯ → H++H−− and qq¯′ → H±±H∓, more number of H±± is produced
via the cascade decays from HA, HH±, AH± and H+H−. In principle, masses of these triplet-like Higgs bosons can
be measured by the endpoint analysis of the transverse mass distributions of parent neutral or singly-charged Higgs
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FIG. 10: The ratio of the decay rate for h → γγ in the HTM to that in the SM as a function of ∆m in Case II (mH++ >
mH+ > mφ0). We take mt = 173 GeV, mh = 125 GeV, v∆ = 2.8 GeV and tanα = 0 in all the figures. In the left (right) figure,
we take mA = 150 GeV (300 GeV). There is no consistent region whth the data for m
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W .
bosons. The feasibility of such a processes are however unclear, and realistic full simulation study is clearly required.
Next, the hierarchical scenario of Case II seems to be more constrained than the scenarios discussed above. Assuming
mh to be 125 GeV, there is no parameter space which is consistent with the region within the 2σ ellipse of m
exp
W and
sˆ2 expW . A larger mass difference ∆m makes the situation worse. Although if the Higgs boson mass mh is rather heavy
the situation can be a little bit improved, no consistent region at the 2σ level is found for all the mass values of
mh below the unitarity bound. Although Case II is rather constrained from the electroweak precision data we may
consider the phenomenology for such a case with mH++ > mH+ > mA at the LHC
5. In this case, the main decay mode
of H±± can be ℓ±ℓ±, H±W± orW±W± depending on the magnitude of v∆. In Ref. [25], phenomenology on this case
is discussed. In particular, the decay modes of the doubly-charged Higgs boson such as H±± → H±W± → AW±W±
(and H±± → H±W± → HW±W±) are studied at the LHC.
Once doubly- and singly-charged Higgs bosons as well as additional neutral Higgs bosons are found and their masses
are measured with some mass splitting at the LHC, we may be able to distinguish the HTM from the other models
which contain doubly-charged Higgs bosons, such as the Zee-Babu model [43], the left-right symmetric model [44]
and the other exotic models [42, 45–47] by using the characteristic mass spectrum of the HTM given in Eqs. (12) and
(13). It would be important to examine the radiative correction to these relations. We will discuss this point in our
next paper [48], where radiative corrections to the Higgs potential in the HTM are studied in the on-shell scheme.
Finally, as we have seen in the previous section, when the mass of the lightest triplet-like field is at the electroweak
scale the hierarchical scenario (Case I with ∆m < 0) is favored and the preferred value of the VEV v∆ is as large as
several GeV by the combined results for the predictions of mW and ρ with the precision data. Such a value of v∆
might be large enough to be directly examined by measuring the Higgs boson vertices which are proportional to v∆.
For example, v∆ might be determined via the measurement of the H
±W∓Z vertex at the LHC [49] or its luminosity
upgraded version and at the ILC [50]. The other vertices such as H±±W∓W∓ [22] and H±±H∓H∓ etc. can also be
used to measure v∆: see Appendix C.
V. CONCLUSIONS
We have calculated radiative corrections to the electroweak observables in the Y = 1 HTM. Such a model is
motivated by the scenario of generating the neutrino masses via the type II seesaw mechanism. In this model, the
rho parameter deviates from unity at the tree level, so that the electroweak sector is described by the four input
5 The constraint from the precision data for the minimal triplet model can be relaxed if the Higgs sector is extended with some additional
scalar bosons. Then our analysis may change by the one loop effect of new particles.
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parameters such as αem, GF , mZ and sin
2 θW . We have evaluated one-loop contributions to the rho parameter and
the W boson mass, and we have examined the possible mass spectrum of the extra Higgs bosons under the constraint
from the electroweak precision data. We have found that the hierarchical mass spectrum among H±±, H± and A (or
H) can be allowed without contradiction with the data especially in Case I (mA (≃ mH) > mH+ > mH++).
In our analysis, the mass of H±± is of O(100 − 200) GeV, with ∆m to be a few hundred GeV and v∆ of several
GeV are preferred by the electroweak precision data.
Furthermore, regarding the recently Higgs boson searches at the LHC, we have discussed a few phenomenological
consequences of such a mass spectrum with relatively large mass splitting under the constraint from the electroweak
precision data.
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Appendix A: Gauge boson self-energies
In this Appendix, analytic expressions for the gauge boson self-energies at the one-loop level are listed in terms
of the Passarino-Veltman functions [51]. The fermionic-loop contributions to the transverse part of the gauge boson
two point functions are given in Ref. [32]. The bosonic-loop contributions are listed below. The W boson two-point
function is calculated as(
1
16π2
)−1
ΠWWT (p
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1
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2,mH++ ,mH+) + g
2s2β±B5(p
2,mH++ ,mW )
+
g2
4
(cαsβ± −
√
2sαcβ±)
2B5(p
2,mH+ ,mh) +
g2
4
(cαcβ± +
√
2sαsβ±)
2B5(p
2,mW ,mh)
+
g2
4
(sαsβ± +
√
2cαcβ±)
2B5(p
2,mH+ ,mH) +
g2
4
(sαcβ± −
√
2cαsβ±)
2B5(p
2,mW ,mH)
+
g2
4
(sβ0sβ± +
√
2cβ0cβ±)
2B5(p
2,mH+ ,mA) +
g2
4
(sβ0cβ± −
√
2cβ0sβ±)
2B5(p
2,mW ,mA)
+
g2
4
(−cβ0sβ± +
√
2sβ0cβ±)
2B5(p
2,mH+ ,mZ) +
g2
4
(cβ0cβ± +
√
2sβ0sβ±)
2B5(p
2,mW ,mZ), (A1)
where the function B5 is given as [32]
B5(p
2,m1,m2) = A(m1) +A(m2)− 4B22(p2,m1,m2). (A2)
The photon two-point function is calculated as
(
1
16π2
)−1
ΠγγT (p
2) =
(
1
16π2
)−1
ΠγγT (p
2)SM
+
e2g2
2
(v2Φ + 2v
2
∆)B0(p
2,mW ,mW )
+ 4e2B5(p
2,mH++ ,mH++) + e
2B5(p
2,mH+ ,mH+) + e
2B5(p
2,mW ,mW ). (A3)
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The photon-Z boson mixing is calculated as(
1
16π2
)−1
ΠγZT (p
2) =
(
1
16π2
)−1
ΠγZT (p
2)SM
+ g4
sˆW
cˆW
√
v2Φ + 2v
2
∆
[
vΦ
2
sˆ2W cβ± +
v∆√
2
(1 + sˆ2W )sβ±
]
B0(p
2,mW ,mW )
− 2g2 sˆW (cˆ
2
W − sˆ2W )
cˆW
B5(p
2,mH++ ,mH++)−
g2
2
sˆW
cˆW
(cˆ2W − sˆ2W − c2β±)B5(p2,mH+ ,mH+)
− g
2
2
sˆW
cˆW
(cˆ2W − sˆ2W − s2β±)B5(p2,mW ,mW ), (A4)
where ΠV VT (p
2)SM are the SM gauge boson loop contributions. These are calculated as(
1
16π2
)−1
ΠWWT (p
2)SM = −g2sˆ2W [6(D − 1)B22 + p2(2B21 + 2B1 + 5B0)](p2, 0,mW )
− g2cˆ2W [6(D − 1)B22 + p2(2B21 + 2B1 + 5B0)](p2,mZ ,mW )
+ g2(D − 1) [cˆ2WA(mZ) +A(mW )]
+ 2e2
[
B22(p
2, 0,mW ) +
cˆ2W
sˆ2W
B22(p
2,mZ ,mW )
]
− 4g2(p2 −m2W )[cˆ2WB0(p2,mW ,mZ) + sˆ2WB0(p2,mW , 0)], (A5)(
1
16π2
)−1
ΠγγT (p
2)SM = −e2[6(D − 1)B22 + p2(2B21 + 2B1 + 5B0)](p2,mW ,mW )
+ 2e2(D − 1)A(mW ) + 2e2B22(p2,mW ,mW )
− 4e2p2B0(p2,mW ,mW ), (A6)(
1
16π2
)−1
ΠγZT (p
2)SM = +e
2 cˆW
sˆW
[6(D − 1)B22 + p2(2B21 + 2B1 + 5B0)](p2,mW ,mW )
− 2e2 cˆW
sˆW
(D − 1)A(mW ),
− 2e2 cˆW
sˆW
B22(p
2,mW ,mW )
+ 4g2
sˆW
cˆW
(
p2 − m
2
W
2
)
B0(p
2,mW ,mW ), (A7)
where D = 4− 2ǫ.
Appendix B: Feynman Rules
We here list the Feynman rules for gauge-scalar interactions in the Table I.
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Vertices Gauge couplings
H++W−µ W
−
ν ig
2 v∆√
2
gµν
H++H−W−µ ig cos β±(p1 − p2)µ
H++w−W−µ ig sin β±(p1 − p2)µ
H+W−µ Zν −i g
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cˆW
v∆√
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√
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−
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